The Abel-Jacobi map for complete
intersections

J. Nagel

1 Introduction

In an attempt to generalize the classical Noether—Lefschetz theorem for sur-
faces of degree d > 4 in P?, Griffiths and Harris [G-H] raised a number of
questions concerning the behaviour of curves on a very general threefold X
of degree d > 6 in P*. One of their questions is whether the image of the
Abel-Jacobi map ¥y : CHi,.(X) — J?(X) is zero. Green [G2] and Voisin
[V1] partially solved this problem; they showed that the image of ¥y is
contained in the torsion points of J2(X). A similar statement holds for odd-
dimensional hypersurfaces in projective space: if X = V(d) C P*™ (m > 2)
is a very general hypersurface of degree d > 4 + 2/(m — 1), then the image
of the Abel-Jacobi map 1 is contained in the torsion points of J"(X); see

G2).

We extend the result of Green and Voisin to smooth complete intersec-
tions of odd dimension in projective space (Theorem 4.1). In all but one of
the cases where the conditions of Theorem 4.1 are not satisfied, it is known
that the image of the Abel-Jacobi map is indeed non—torsion for a very gen-
eral member of the family of complete intersections under consideration. The
remaining exceptional case will be dealt with later.

To extend the result of Green and Voisin, we have to find an efficient
algebraic description of the variable cohomology of complete intersections,
analogous to the Jacobi ring description in the case of projective hypersur-
faces. This problem has been solved through the work of various people,



including Terasoma [Te|, Konno [Ko|, Libgober-Teitelbaum [L], [L-T] and
Dimca [Di2]. The starting point is the following observation, due to Tera-
soma: if X =V (fo,..., f) is a smooth complete intersection of multidegree
(do,...,d,) in P+ with dy = ... = d, = d, then the variable cohomology
of X is isomorphic (up to a shift in the Hodge filtration) to the variable co-
homology of the hypersurface X = V(F) C P" x P+ of type (1,d) defined
by the bihomogeneous polynomial

F(x,y) =yofo(z) + ...+ yrfr().

Konno extended this approach to the case of arbitrary multidegree by viewing
(fo, ..., fr) as a section of the vector bundle £ = Op(dy) ®...® Op(d,). The
product of projective spaces is replaced by the projective bundle P(EY), and
X is replaced by the zero locus of the associated section of the tautological
line bundle £ on P(EY). The variable cohomology is then described via the
pseudo—Jacobi ring introduced by Green [G1]. Working with an additional
hypothesis, Libgober obtained a description of the variable cohomology via
residues of differential forms defined on P**"*1 in the spirit of the work of
Griffiths [Gr|; he observes that the variable cohomology is related to a quo-
tient of the ring S = Clxg, ..., Tpiri1, Y0, - - -, Yr|, Where S carries a suitable
bigrading.

These different approaches were elegantly combined in the recent work of
Dimca. He observes that P(EY), being a smooth and compact toric variety,
can be constructed as a geometric quotient. This explains the bigrading on
S and shows that P(EY) behaves like the ordinary projective space in many
ways. Given this, Terasoma’s original approach goes through with only minor
modifications.

This paper is oranized as follows: in Section 2, Dimca’s method is used
to give a description of the variable cohomology in terms of the Jacobi ring
of X in P(EY). Next we discuss the so—called symmetrizer lemma in Section
3, using which we prove our main result in Section 4.

2 Description of the Jacobi ring

Let X = V(dy,...,d,) C P"™*! be a smooth complete intersection of di-
mension n > 3, where d; > 2 for i = 0,...,r. We assume for the moment
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that » > 0, i.e.,, X is not a hypersurface. The (r + 1)-tuple (fo,..., f)
of equations that define X represents a global section of the vector bundle
E = Op(dy)®...O0p(d,). Let P =P(EY) be the projective bundle whose fiber
over a point & € P"™*1 is the projective space of hyperplanes in E,. Using
the results in [Cox], we can associate to the smooth and compact toric variety
P its "homogeneous coordinate ring” S = Clxo, ..., Tpiri1, Yo, - - -, Yr]. This
ring carries a natural grading by elements of Pic(P) = Pic(P"™ 1) x Z = 72,
The variables z; (i = 0,...,n 4+ + 1) have bidegree (0, 1); the variables y;
( =0,...,r) have bidegree (1, —d;). Set

Fa,y) = yofo(x) + ... +yr fo(2),
and let X C P be the divisor defined by F(x,y) € S;p.

Remark 2.1. Set N = n +r + 1. We denote the open subset CV \ {0} x
Crt1\ {0} ¢ CN*+! by U. The presence of a bigrading on the ring S is
a consequence of the construction of P as a geometric quotient U/G, where
G = C* x C* acts on U by

(tl, tQ).(JI(), -y IN,Y0, - - ,y,«) = (tgxo, Ce ,tQIN, tz_dotlyo, Ce ,t;drtlyT).
Good references for this construction are [Cox], [Bat] and [Bat-Cox].

Lemma 2.2 X is a very ample divisor on P if and only if d; > 0 for all
1=0,...,7.

Proof: Note that F(x,y) € Sy represents the global section of the tau-
tological line bundle £ = Op(1) that corresponds to (fo, ..., f.) under the
canonical isomorphism H°(P,¢g) = HO(P", E). Tt is readily verified that &g
is very ample if and only if the line bundles Op(d;) are very ample for all
i=0,...,r, cf. [B-S, (3.2.3)]. O

Remark 2.3 To prove the above lemma from a toric point of view, one
chooses a suitable divisor D of bidegree (1,0) and shows that the support
function ¢p of the corresponding line bundle O(D) is strictly upper convex
if and only if all the degrees d; are positive.

Lemma 2.4 X is non-singular <= X is non-singular.
Ay

singular if and only if fy(z) = ... = f.(z) = 0 and the matrix (g%(x))” jas
rank at most r, i.e., if and only if x € X is singular. OJ

Proof: Since 9£ = f(z) and 9F,verdz; = > izo ng—g, a point (z,y) € Y is
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Definition 2.5 Let i (resp. j) be the inclusion of X in P"T"+1 (resp. the
inclusion of X in P). We define the variable cohomology of X and X as

H (X,Q) = coker(H”(IP’"”H,Q))—i% H"(X,Q))
H'™"(X,Q) = coker (H"™"(P,Q) L5 H"™(X,Q)).

var

Remark 2.6 The notions of variable and primitive cohomology are strongly
related: if V' is a msooth projective variety and D C V is a smooth com-
plete intersection of ample divisors in V' of dimension d, one can show that
ng(D) = i*ng(V) ® He (D).

var

Let m : P — P""+1 be the projection, and write X = 77 1(X) = X x P".
Let ¢ : X — P be the inclusion map, and put ¢ = mor : X — P+,

Lemma 2.7 The inclusion X — X induces an isomorphism of Hodge struc-
tures
H(X,C) = H (X,C) @ H” (P",C).

var var

Proof: Consider the Leray spectral sequences

E}* = HP(P"™*!, R%r,C) = HP™(P,C)
'ERT = HP(P"H, R%,C) = HP(X,C)

associated to the maps 7 : P — P*"™ ! and ¢ : X — P+ Consider also
the Kiinneth spectral sequence

"EY! = H?(X,C) © HY(P",C) = H""9(X,C).

The local systems RI7m,C and Rp,C can be described as follows:

C(—1%) if ¢ <2r, qeven

q _ 2 ,

RimC = { 0 otherwise
C(—-1) ifqg<2r, qeven

Rip,C = Cx(—r) if g =2r

0 otherwise.
All the spectral sequences degenerate at Ey. The Lefschetz hyperplane
theorem shows that

Egﬂ]_/\a_) /E'22)7q_/\;_> ,/E1277q
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for (p,q) # (n,2r) and

n,2r 2T 1, 2r

Hence
H'(X,C) = coker (B3 —'ED™)
>~ coker (ES’QT s ”EQ’Q’”)
>~ H.(X,C)® H¥(P",C).
For details, see [Ko] or [Te]. O

The description of the variable cohomology of X strongly resembles the
description of the primitive cohomology of a hypersurface in P**!. As most
of the results are similar to those in [Dil], [Do] and [CGGH], we shall omit
their proofs.

The Euler vector fields
- 0
e] = Yi—

n+r+1 r
0

0
€2 = ; %a—xz - Zdzyza—yz

and

generate the action of G = C* x C* on U = C"™ 1\ {0} x C"*!\ {0}. The
orbits of this action are the fibers of 7 : U — P.

Definition 2.8.

(i) For a monomial f = x5°...2%"ys° .. .yP we define |fl, = S1_, B,

|f‘2,m = Z?:OTH Q, \f|2,y = - Z;':o d;B; and |fla= ‘f|2,x + |f‘2,y-

(ii) For a differential form w = f.dxs, A ... Adxg, Ady, N ...\ dy, we

set |w‘l = |f‘l +.7; ‘w|2,z = ‘f|2,z + i, |w‘2,y = ‘f|2,y - Zi;zl dtk and
wle = [wlaz + w2,y

In the statement of the following Lemma, the differential d is written in
the form d = d, + d,. We write A* = HO(C""+2 QF, ., .,), and denote the
contraction with a vector field e by ..



Lemma 2.9. Ifw € A* and ' € A’, then
(i) ie(w A W) = icw) Ao+ (—1)w A i()
(i) ier(AF) = |11 ealdf) = |fl2f
(iii) dy(ie,w) + ie, (dyw) = |wh w
(V) daliey0) + ey (daw) = [ 0] 0
(V) dyi0s0) + ea(dy) = |l @

(VI) |i€1(w)‘k = |iez(w)‘k = |w‘k, k= 1,2

Lemma 2.10. A rational k—form ¢ on U given by

1
p= Arg(z,y) der A dyy
H(z,y) ;
|1+71=k

satisfies ¢ = m*w for a rational k—form w on P if and only if
(i) ¢ is G—invariant, i.e., |p|; = |¢|2 = 0.
(ii) ey () = ey () = 0.

Proof: One easily checks that ¢ = m*w for a rational k—form w on P if and
only if ¢ and dyp are horizontal, i.e., i.(¢) = i.(dp) = 0 for all vertical vector
fields e. This is equivalent to i, (¢) = ie, () = i, (dp) = ie,(dp) = 0, hence
the assertion follows from the previous Lemma. O

From now on we shall identify rational differential forms on P with their
pullbacks to U.

Lemma 2.11. Suppose that 1 € A* satisfies the following conditions

(1) iel (¢) - 7;62 (w> =0
(ii) |1 # 0 and at least one of |¢|a, |¢]2. Is nonzero.

Then 1) = ic,i., (@) for some ¢ € AF2,
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Proof: If |[¢|; = a # 0 and Y]z, = B # 0, we can write

afy = alie,(ds)) + dy(ic,¥))
= Qe dyth = iy (du(a¥)))
= ey (da(iey (dyt)) + dy(ie, 1))
= ey (dilie, (dyt)))) = —lieyle, (dudyt)).

Corollary 2.12.

_ eyley ()
) e HY(P,Qp(qX)) <= 1 = F(z,y)

for some ¢ € A*?2 with |p|; = q and ||y = 0.

The following Lemma shows how to express di in a similar form:

Lemma 2.13. If

. ieaiq(%p)
A T
then (Fd IF )
_ 162181 ¥Y—dq %
dyp = Fa+l
Lemma 2.14.

(i)
P(z,y)Q
Fat+l

where Q = ig,ie, (dxg A ... ANdxyiri1 ANdyo A ... Ady,).

(i)

v € HUP. Q™ (g + 1)X)) <= o =

7 n+2r 7 ie iel SO)
b€ HP.OE(gX) e 3= el



where

n+r+1 r
= Z Qi(z,y) U Ndyg A . . ./\dyﬁ—z Ro(z,y)dxo A ... ANdx, \Q,,
1=0 a=0

QZ':dl’o/\.../\cil\’i/\.../\dl’n_i_r_ﬂ,

Qu=dyoA...ANdya A ... Ady,.

Definition 2.15. The Jacobi ideal J(F') C S is the ideal in S generated by
the partial derivatives

orF o oF - OF
B e e B

The Jacobi ring R is the quotient ring S/J(F). The bigrading on S induces
a bigrading on R.

Proposition 2.16. There is a natural isomorphism

Hy PP(X) = Ry acxy,

where n = dim X and d(X) =Y _,di—n—1r—2.

Proof: We have already seen that H »P(X) = H Pt Pt (X). There is an
exact sequence

0— H;Lr—p+r+1,p+r(P> _ Hp+r(QY1LD—p+r+1(log X)) _ Hn—p+r,p+r(X) = 0.

var

The Leray—Hirsch theorem shows that

Hn+2r(P> o~ @ Hz‘(]Pm+r+1> ® Hj(IPﬁT.

i+j=n+2r

Write b;(P) = dim H'(P,C). The above formula implies that b, 9, 2(P) =
byyar(P), so H'(P) = 0. Hence

Hiprrvtr(x) = grer(Qp P (log X)),

var



Since X C P is an ample divisor by Lemma 2.2, we can apply the Bott
vanishing theorem on P (see [Bat-Cox, Theorem 7.1]) to obtain

HY(P, (kX)) =0 foralli>0,k>0and j>0.
A spectral sequence argument shows that
HO(Qp((p+ 7 +1)X))
HO(Q((p + 1) X)) + dHO(Q5 ((p+ 1) X)),

where d = dim P =n+ 2r + 1.
By Lemma 2.14, an element of H(P,Q%4((p + r + 1)X)) can be written
in the form

HP QPP (log X)) =2

_ P(z,y)Q
VP = gt

where deg Q) = (r + 1, —d(X)) and deg(P(z,y)) = (p,d(X)). What we have
shown so far is that the map

Res: Spax) — FUPTTHIPTN(X)
P(J}, y) = [Res(le)]
is surjective. If ¢ € HO(P, Q% ((p +r)X)), then 1) = ie}iii(f) and
N ; r  OR; N r
o L G+ 505 — (5 10 + X0 G R0
Y= Fotr+l ’

where N =n +r + 1. Hence
¥p = dy mod HO (U™ ((p+1)X) < P e J(F).

This shows that Res induces an isomorphism R, qx) = Hp PP (X), as
desired. 0

Remark 2.17.

(i) If r = 0, then P(EY) = P"*1 S = Clzo,...,Tns1,%) and F(z,y) =
Yofo(z). Clearly the ring R(F') is different from the Jacobi ring R(fy)
of the hypersurface V(fo) C P"*! but the map o : S — Clxo, . . ., Tni1]
that sends G(zo, . .., Zn11,%0) to G(xg, ..., Tn41, 1) induces an isomor-
phism R(F)p.qcx) = R(fo)(p+1)do—n—1 between the graded pieces of
these rings that describe HI: PP(X).

var
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(ii) The toric description of P shows that the bidegree of the canonical
bundle Kp is (—r — 1,d(X)) and S, 4x) = H(P, Kp @ €57,

(iii) The description of the variable cohomology H™ (X) for a complete
intersection X in an arbitrary smooth and compact toric variety Py
proceeds along the same lines. The number of Euler vector fields equals
the rank of Pic(P(EY)) = Pic(Py) x Z.

3 Symmetrizer lemma

Using a version of the symmetrizer lemma, we prove that the infinitesimal
invariants associated to certain normal functions are zero. Consequently
these normal functions are torsion sections of the fiber space of intermediate
Jacobians.

We keep the notation of Section 2, but from now on we consider the
case where X is a smooth complete intersection in P?™*" of odd dimension
n = 2m — 1. In this case we have H*"1(X) = HZ"NX) = H'H(X).
Let U C PHY(P*™*" FE) be the open subset parametrizing smooth complete
intersections, and let f : Xy — U be the universal family. The cohomology
groups of the fibers of f give rise to a local system Hy = R*""'f.7Z. Let
H?>™ 1 = H;®7 Oy be the associated Hodge bundle; it is filtered by holomor-
phic subbundles F? (0 < p < 2m — 1). The Hodge bundle comes equipped
with a flat connection V, the Gauss—Manin connection, whose flat sections
are the sections of the local system Hyz. The filtration of subbundles F* is
shifted by V according to the Griffiths transversality rule VF? C Qf @ FP~ 1.
Let

jm — H2m—1/(f'm + HZ)

be the sheaf of intermediate Jacobians over U. The Gauss—Manin connection
induces a map

V:J"— Qzlj ®H2m_1/.7:m_1,

whose kernel is denoted by J,". By abuse of language, a global section of
J;" is called a normal function.

To study the image of the Abel-Jacobi map using normal functions, we
‘spread out’ cycles on a very general fiber to relative cycles.
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If Xo =V(do,...,d.) CY is a very general complete intersection and
Zy € Z"  (Xo), there exist a finite étale covering g : ' — U, a relative cycle
Zr € CH" (Xr/T) and a point ty € g~'(0) such that the fiber of Zr over
to is Zo; cf. [H]. Set Z; = Zr N f7*(t) and let v € H(T, J") be the normal
function given by v(t) = ¥x,(Z:). Set Hy = Hz®7Q. The twisted De Rham
complex

O @Hy H—>QH—> QO H — -+
is a resolution of the local system H¢ = Hgp ®q C. Let F™(Q). ® Hg) be the
subcomplex
F'" - QGeF" - QG eFm ...

of Q% ® Hg. Note that although the differential V of F™(Q} @ Hg) is not
Op-linear, the induced differential V on the graded pieces Grf.(Q} ® Hg)
is Op-linear. The normal function v has an infinitesimal invariant dv €
HY(T, H'(F™(Q ® Hg))); see [G3, Lecture 6]. It is known that v has flat
local liftings if and only if §, = 0 [loc. cit.]. Hence, to prove that dv = 0 it
suffices to show that

HY (G (2% @ Hg)) = 0 for all p > m.

Let Ty be the tangent space to U at 0 € U. As g : T'— U is an étale covering,
the tangent space to T at to € ¢g~1(0) is isomorphic to Ty. We want to show
that the first cohomology group of the complex

2
HP,2m—p—1(X0> N TOV ® Hp—l,zm—p(XO) N /\TOV ® Hp—2,2m—p+1(X0>

vanishes. Dualizing this complex we obtain

2
/\TO ® H2m—p+1,p—2(X0> N TO ® H2m—p,p—1(X0> N H2m_p_1’p(X0).

Lemma 3.1. The diagram

/\2 S10 ® Ry_24x) — S1,0 @ Rp_1,4(x) — Ry acx)

! l

/\2 TO ® H2m—p+1,p—2(X0) N TO ® H2m—p,p—1(X0) N H2m—p—1,p(X0)

is commutative.
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Proof: This is a standard consequence of the description of H*™~1(X) by
residues of differential forms. Note that the identification of the tangent
space Ty with Sy is obtained by sending a polynomial G(z,y) € Sio to
the infinitesimal deformation of X’ given by Fy(z,y) = F(x,y) + t G(z,y),
t? = 0. The commutativity of the right square is established by the following
basic observation: if we write

0. __ PMO
PO (F Gy
then
P(0)GQ
0/0t Qe li=o = —(p + 1)

modulo differential forms with poles of lower order. It follows that

Va/at Res Qp(t) = 6/8t(Res Qp(t)) |t:0
= Res(0/0t Qp|i=0) = Res(Qpa).
The commutativity of the square on the left hand side follows in a similar

way. [

In the sequel we shall use some standard multi-index notation. For a
multi-index I = (ig,...,i.) we write (d,I) = dgig + ... + d,i,.. Let (i)
denote the (r 4+ 1)-tuple (0,...,0,1,0,...,0) where the number 1 occurs at
position 2.

Lemma 3.2. The multiplication map
Sab ® Sap — Satapts
is surjective if
(i) a>0,a>0
(ii) (d,I)+b >0 for all I with |I| =a, (d, J)+ 3 > 0 for all J with |J| = a.

Proof: Note that S,; is spanned by the monomials y/z/ with |I| = a,
|J| = (d, I)+b. Given a monomial 2%y with |L| = a+a, |K| = (d, L) +b+3
we can write L = Ly U Ly with |Ly| = a, |Ls| = a and K = K; U K, where
|Kl|:<daLl>+b> |K2|:<daL2>+6 O
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Lemma 3.3. (symmetrizer lemma) Assume that n > 2, p > 2 and
dy > ...>d,. The complex

2
/\ S10® Rp_2.40x) — S1,0 @ Bp_1,4(x) — Rpax)
is exact at the middle term if the following two conditions are satisfied:
(x) do+...+d.+(p—2)d, >n+r+3

(k%) dy+...+d. +(p—1d, >n+r+2.

To prove the symmetrizer lemma, it suffices to show that

(i) The complex

2
h
/\ S1,0 ® Sp_2.4(x) e S1,0 ® Sp_1,d(x) — Sp.d(x)

is exact at the middle term.

(ii) The map
51,0 @ Jp-1,.4x) = Jpax)

is surjective.

This follows by chasing the commutative diagram with exact columns

0 0 0

! ! !
/\2 S10® Jp—2ax)y — 5100 Jp—14x) —  Ipax)

] ! ]
/\2 S10 @ Sp—2.4x) — S10® Sp—14x) —  Spax)

l ! ]
A Sio® R, sqx)y — Sio0®R14x) — Rpax)

] ! ]

0 0 0.

We shall verify the conditions (i) and (ii) in Lemmas 3.4 and 3.7.
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Lemma 3.4. The complex

2
h
/\ S1,0® Sp_ak e S1,0® Sp_1k — Spk

is exact at the middle term provided that p > 2 and (d,J) + k > 0 for all
multi-indices J with |J| =p — 2.

Proof: The map g is given by
9™ Ay @ yFal) = g2 @ yF Tt g, ot @ K Hl0) gt
This shows that
Yiow® @y =y 2" @y 2™ mod (im g)

if Jo+ (i0) = J1 + (i1), Ko+ Ip = K; + I, and Ky — Iy > 0. In fact, if these
conditions are satisfied it follows that Ky — I; > 0 and

M:K0+IOZK1+[1 = [0+Il+(K0—Il)
= ]0+]1+(K1—]0);

hence KO _Il = Kl _IO = L, ‘L‘ = <d, J) +k’, and J = JO— (Zl) = Jl — (ZQ)
Combining the two relations

I Jo .M —1I _ M—L Ji . L
Yiet* @y x™ 0 = ypx QytT

= y,a” @y,
we find that
yioxlo ® yJOZEM_IO = yileg ® yJ%M_I?

if Jo + (i) = J2 + (iz) and if there exists an L with L < M, L — I, > 0
and L — I > 0. Here we choose J; and i; in the following way: take
iy = max(lg,i2) and take J; = J, if iy = i4, o € {0,2}. Notice that
|L| = (d, J1) + k.

If JQ — Jg = (22) — (20) and [0 — 12 = (]{?0) — (]{?2) (i.e., [0 and [2 also differ
by one change of index), we can choose L with L — Iy > 0 and L — I, > 0 if
|L| > |Ip| and |L| > |I5], i.e., if

(d, J,) + k > max(d;,, d;,).
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By construction this holds if (d, J) + k > 0, where we set J = J; — (ip) if
il = ig and J = Jl — (22) if il = io.

By transitivity we can show the existence of L if Iy and I differ by more
than one change of index. Hence

yioxlo ® yJO,Z’M Io = y22$12 ® yJ2l’M_IQ

it Jo+ (o) = Jo+ (i), M > Io, M > I and (d, J) +k > 0 (J = Jo — (is) =
Jy — (i0)). If

K_Ly _ K+(i), I+L
h( E CiI,K,L yzx RytrY) = E Ci,ILK,.L Y O
i1 ,K,L i1 ,K,L
J,.M
= E g cGrrrn Yo =0,
(J,M)  (i,],K,L)

K+() JI+L M

then

E cirkr =0

(i7I7K7L)
K+(i)=J,I+L=M

for all pairs (J, M), hence

Z cirrr Yir' @y zh =0 mod (img).

O

Remark 3.5. The proof of Lemma 3.4 is based on the proof of the sym-
metrizer lemma for projective hypersurfaces by Donagi and Green [D-GJ. 1
is possible to prove Lemmas 3.4 and 3.7 in a different way, using the abstract
definition of the Jacobi ring from Chapter 1 and Castelnuovo-Mumford reg-
ularity.

Corollary 3.6. Suppose that n > 2 and p > 2. The complex

2
h
/\ S1.0® Spo2.dx) —— S1.0® Sp_1,4(x) — Sp.d(x)

is exact at the middle term if condition (x) of Lemma 3.3 is satisfied.

Proof: Apply Lemma 3.4 with k = d(X). O
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Lemma 3.7. Suppose that n > 2 and p > 2. If the conditions () and (k)
of Lemma 3.3 are satisfied, the map

5170 ® Jp—l,d(X) — Jp,d(X)
is surjective.

Proof: As deg(0F/0x;) = (1,—1) (0 < k < 2m + r) and deg(0F/0y;) =
(0,d;) (0 < ¢ < r), it suffices to show that the map u' that appears in the
commutative diagram

S1,0 ® Sp—a—1,d(x)—b @ Jap S p—a,d(X)—b @ Jap

S1,0 ® Jp—1,d(x) 5 Ip.d(x)
,d;) (i=0,...,7). If (a,b) =
> 0 for all J with |J| = p—2;

is surjective if (a,b) = (1, —1) and if (a,b) = (0
(1, —1), then p’ is surjective if (d, J) +d(X)+1
this follows from condition ().

If (a,b) = (0,d;) (i =0,...,7), then u' is surjective if
(d,J)+d(X)—d; >0

for all J with |J| = p — 1. This follows from the condition (xx). O

Corollary 3.8. Suppose that m > 2 and dy > ... > d,.. Then év = 0
provided that

(1) do+...+d,+(m—2)d, >2m+r+2
(2) di+...+d,+ (m—1)d, >2m+r+ 1.

Proof: This follows from Lemmas 3.1 and 3.3. O

Note that the first condition in Corollary 3.8 is implied by the second
one, unless dy = ... =d,.

Lemma 3.9. If the conditions (1) and (2) of Corollary 3.8 are satisfied, the
normal function v has flat local liftings that are unique up to sections of Hy.
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Proof: It follows from (1) and (2) that év = 0, hence v has flat local liftings.
If 7 and 7/ are two flat liftings of v over an open set Uy C T, we can write

v—v=p+A

where ¢ € H(Uy, F™) and A € H(Uy, Hz). Since Vo = V(v — ') =0, it
suffices to show that the map

V:F" = Q. F™!
is injective. By duality, it suffices to show that for all ¢ € T the map
T ®@ H* ™ PP~H(X,) — H*" P 1P(X,)
is surjective for p > m. This follows if the map

51,0 & Sp—Ld(X) 7 Op,d(X)

is surjective, and by Lemma 3.2 this holds if (d, J) +d(X) > 0 for all J with
|J| = p — 1. This follows from condition (1). O

If the conditions (1) and (2) of Corollary 3.8 are satisfied, then the normal
function v is torsion. This is proved using a monodromy argument, which is
taken from [V3, Lecture 4].

Lemma 3.10. If v has flat local liftings that are unique up to sections of
Hy, then v € H°(T, J/™) is a torsion section of J .

Proof: Let v be a flat local lifting of v in an open neighbourhood of ¢y € T
We have to show that o(ty) € H*™ '(Xy, Q). To this end we take a loop
v : [0,1] — T based at to and cover it by simply connected open sets U,
( = 1,...,k) such that v has a flat lifting v, on U,. For all o, § €
{1,...,k} we have v, — vz = A,5 for some \,3 € I['(U, N U, Hz); hence
we can modify v by A to obtain 14 = vy on Uy N U,. Proceeding in this
way on Uy N Us, ..., U1 N Uy, we find a new flat lifting & of v in (1). Let
p: m(T,tg) — Aut H*"1(X,,C) be the monodromy representation. By
definition we have

p(7) (D (to)) — v(to) = D(to) — v(to),
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and by assumption this element belongs to H*" (X, 7Z).

Claim: If n € H*'(X,,C) and p(v)(n) —n € H*™ (X, Z) for all v €
7T1(T7 tO)v then ne Hzm_l(X()? @)

Note that the proof will be finished if we verify this Claim. To this end,
we view X as a hyperplane section of a smooth complete intersection Yy C
P2mFr+1 of dimension 2m and multidegree (do, .. .,d,). Set L = Oy(1). The
linear system |L| corresponds to a projective linear subspace of PH?(P", E).
Let Ay C |L| be the discriminant locus, and define U, = |L| \ Ag. It is
known that A, C |L| is an irreducible hypersurface (cf. [B-S, Lemma 1.6.5]).
Choose a Lefschetz pencil P! C |L| of hyperplane sections of Y that passes
through the point 0 € |L|, and denote the discriminant locus in PH?(P", F)
by AE As AL = AE‘ N |L|7 it follows that ]P)l N AE = ]P)l N AL = {tl, c ,tk}
is a finite set of points. The fundamental group of U, NP = P!\ {¢1,..., ¢}
has standard generators v; winding once around t;. Let §; € H*™ (X, Z)
be the vanishing cocycle associated to ;. Since g.mi(T,to) C m1(U,0) has
finite index, N say, we have 7Y = ¢,3; for i = 1,...,k. According to the
Picard-Lefschetz formula, the action of 4; via the monodromy representation
is given by

p(3:)(n) = n =+ N{n, ).

Hence we find that p(%;)(n) — n = £N(n,6)0; € H*™ Xy, Z) for i =
1,...,k. Thus (n,6;) € Q for i =1,..., k. The pairing

< ) > : H2m_1(X07 Q) X Hzm_l(X()? @) - @
is non—degenerate over (, and induces an isomorphism
H2m_1(X07 Q) = Hom(H2m_l(X07 Q)7 @))

sending an element o € H*™1(X(,Q) to (o, —). As the vanishing cocycles
01, ..., 0k generate H*™ 1 (X, Q) (see for instance [V3, Lecture 4, 2.3] or [DK,
Exposé XVIII, 6.6.1]), it follows that (n,A) € Q for all A\ € H*™ (X, Q);
hence n € H*™ (X, Q). O
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4 Main result

We formulate and prove the main result of this Chapter, which extends the
aforementioned theorem of Green—Voisin to the case of complete intersections
in projective space.

Theorem 4.1. Let X = V(dy,...,d,) C P*™ be a smooth complete in-
tersection of odd dimension 2m — 1 (m > 2) and multidegree (dy, . ..,d,)
(do>...>d,, d; >2 fori=0,...,r). If X is very general, then the image
of the Abel-Jacobi map

x : CHpo (X) — J™(X)

is contained in the torsion points of J™(X), unless we are in one of the

following cases:
(i) (r=0)X=V(d) CP'(3<d<5), X=V(3)CPS, X =V(3) C P
(ii) (r=1) X =V(3,3) C P°.
(iii) (r=1) X =V (d,2) C P d>2 m > 2.
4
(

(iv) (r=2) X
(v) (r=3) X =V(2,2,2,2) C P m > 2.

V(d,2,2) C P2 d>2 m>2.

Proof: We have seen that if Xo = V(d,...,d,) C P*™*" is a very general
complete intersection, every cycle Z, € Z" (Xo) can be spread out to a
relative cycle Zr € Zﬂ'ém(XT /T) after taking a finite étale covering 7' — U
of the parameter space. If the conditions (1) and (2) of Corollary 3.8 are
satisfied, the normal function v € H°(T, J;™) associated to Zr is torsion by

Lemmas 3.9 and 3.10. Note that this is the case if
(m+r—1d, >2m+r+2=2(m+r—1)+4—r,

that is, if

For r = 0 this condition is



This is the result for hypersurfaces of odd degree in projective space obtained
by Green and Voisin. The only exceptions are the ones listed in (i); see [G2].
Note that the Abel-Jacobi map is trivial for quadric hypersurfaces, since
their intermediate Jacobians vanish.

For » > 1, m > 2 we have mi:«il < 2. Therefore we are done if d, > 4,

and it remains to check the cases d, = 2 and d, = 3.

Case 1. d, = 2

(1) do+...+dr1+2m—22>2m+1r+2

(2) dv+...+dr—1+2m >2m+1r+ 1.
Since d; > 2 for ¢ = 0,...,7, condition (1) is always satisfied if r > 4;

condition (2) is always satisfied if » > 3. We check the cases r = 1, r = 2
and r = 3 separately:

* r=1
If (do,d1) = (d,2), then the condition (1) is satisfied if dy > 5, but (2) is
never satisfied.

* r=2
(1) do+dy > 6
(2) dy > 3.

For (do,di,dy) = (d,2,2), d > 2, the condition (2) is never satisfied. If
dy; > 3, then (1) and (2) are satisfied.

*x r=3
(1) do+dy+de > 7
(2) dy +dy > 4.

We see that condition (2) is always satisfied; condition (1) is satisfied unless
(do, dy,dy,d3) = (2,2,2,2).

Case 2. d, = 3

(1) do+...+d-1+3m—3>2m+r+2
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(2)

di+...+d_1+3m>2m+r+ 1.

As in this case d; > d, = 3 for i = 0,...,r, condition (1) is satisfied if
m + 2r > 5 and condition (2) is satisfied if m + 2r > 4. Hence (1) and (2)
are satisfied if m > 2 and r > 2. The only remaining case is m =2, r = 1:

(1)
(2)

do+dy > 7

2d; > 6.

Both conditions are satisfied unless (dy, d;) = (3, 3). O

Remark 4.2. Let us consider the exceptional cases (i)—(v):

(i)

The cubic and quartic threefold are Fano threefolds that contain a
positive-dimensional family £’ of lines; in both cases, the Abel-Jacobi
map Alb(F) — J*(X) is surjective (cf. [Ty], [C-G] and [B-M]). The
cubic fivefold X = V(3) C P® contains a family F' of 2-planes; Collino
[Co] showed that Alb(F) = J3(X). For a very general quintic threefold
X =V(5) C P4, the image of the Abel-Jacobi map is non—torsion; see
|Gr] and [C-C]. Clemens [C] showed that the image of the Abel-Jacobi
map is not even finitely generated; his proof is based on monodromy
arguments. Voisin [V2] has given a different proof of this statement
using infinitesimal methods. The image of the Abel-Jacobi map is also
not finitely generated for a very general cubic sevenfold X = V (3) C P¥;
see [A-C].

For a very general intersection of two cubics X = V(3,3) C P°, the
image of 1y is not finitely generated [Ba-MuSt].

This case is covered by the following result:

Theorem. Let Y be a smooth projective variety of even dimension
2m, and let L be a very ample line bundle on Y. Suppose that X € |L|
is a general smooth divisor. If

(i) Hgi ' (X) #0

var
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then imx g # 0.

This result is essentially due to Griffiths, N. Katz and Zucker; see [DK,
Exposé XVIII, Cor. 5.8.7]. Let U C |L| be the smooth part, and let Vg
be the local system of variable cohomology. Let P! C |L| be a Lefschetz
pencil, with smooth part U, = U N P!. Katz shows that there is an
injective map

H2MY, Q) — H(Us, Va).

As this map sends the class [Z] to the cohomological invariant dvy
of the associated normal function vz (see [Z, Prop. 3.9]), the desired
statement follows. Note that we can replace (ii) by Hdg (Y)q # 0,
as it is possible to associate a normal function to a primitive Hodge
class on Y (cf. [G3, Lecture 6]). In a similar way one can deduce the
non—vanishing of the infinitesimal invariant dvz; see [MuSt].

If Y is a quadric of dimension 2m and X =Y N V/(d) is a smooth hy-
persurface section, the conditions of the previous theorem are satisfied
if Z = Z, — Zs is the difference of two m—planes that belong to the dif-
ferent rulings of Y (note that X has nontrivial vanishing cohomology;
see [DK, Exposé XIJ).

(iv) This case can be handled in the same way as (ii). If Y = V(2,2) C
P?m+2 is a complete intersection of two quadrics, it is known that Y
contains exactly 4™ m-planes; the cohomology classes of the differ-

ences of these m—planes generate HPQ;"(Y, Q). This result is due to Reid
[R], see also [Mer].

(v) Form = 2, it is known that the image of ¥ x is non—torsion if X is very
general. This follows from a result of Bardelli, and one can handle the
cases where m > 2 by a generalization of his techniques. Details will
appear elsewhere.

Remark 4.3.

(1) The cases (iii) and (iv) mentioned above are the only cases where the
technique of Katz produces non—torsion normal functions, in view of the
cohomological Noether—Lefschetz theorem (see [DK, Exposé XIX]). For
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Calabi-Yau complete intersections and cubic sevenfolds (which can in
some sense be interpreted as the 'mirrors’ of rigid Calabi—Yau threefolds
[A-C]) one uses a similar technique, based on Mark Green’s Lemma (see
[Kim] or [V3, Lecture 3]), which produces a countable union of ’good’
components of the Noether—Lefschetz locus whose union is dense in the
parameter space. For details, see [V2] or [Ba-MuSt].

Let V C U = PH(P*™,Op(d)) \ A be a Zariski open subset of the
complement of the discriminant locus for the family of hypersurfaces of
degree d in P?™. If d > 2, then there are no nonzero normal functions
that are defined over V. This is clear if d = 2; for d > 3 it is proved in
[G-H, §3], using a result of N. Katz on cohomology with values in the
local system of vanishing cohomology over a Lefschetz pencil (see [DK,
Exposé XVIII, Th. 5.7]) and results of Zucker on normal functions
defined over Lefschetz pencils (see [Z, Thm. (4.17) and Cor. (4.52)]).
A similar argument applies in the case of complete intersections X =
V(do,...,d,) such that d; > 2 for all i = 0,...,r.

Acknowledgment. I would like to thank Professors J.P. Murre and C.
Peters for their help and encouragement.
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